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STUDIES OF SELECTED TRIBOLOGICAL CHARACTERISTICS OF
SPIROID GEARS IN THE ASPECT OF MOLECULAR-MECHANICAL
THEORY OF FRICTION

Summary. Spiroid gears are used in various machine drive systems in the automotive and
aviation industries. They are characterised by their small size and ability to achieve high gear
ratios while maintaining the positioning accuracy of the driven device. This type of gear can
operate continuously or at intervals. During the operation at intervals, dry friction can occur
between the mating surfaces of the face wheel teeth and the worm threads. The load, geometry
and geometrical structure of the mating surfaces and the materials used determine the operation
of a gear under dry friction conditions. Determining the parameters associated with dry friction
provides an opportunity to develop and calculate gear characteristics, which translates into
improved durability and reliability. The paper presents analyses of loads and the normal stress
state in the meshing of the worm and face wheel. The authors used Hertz’s theory in their
study of the contact between the surfaces of the worm thread and the face wheel tooth. Static
friction was analysed in the aspect of the molecular-mechanical theory of friction. The results
are presented in the form of diagrams and tables describing the effect of the torque on the
friction coefficient, maximum Hertzian pressures and maximum tangential stresses, as well as
deformations in the contact zone between the worm and the face wheel. The results indicate
that the contact stress state significantly affects selected gear performance parameters,
including the friction coefficient.

1. INTRODUCTION

Spiroid gears are special-purpose gears [ 1-3] that are used when high gear ratios and high positioning
accuracy of the driven device are required with small external dimensions [4-6]. The authors’ previous
study [7] confirms the possibility of using this type of gear to transmit high torque values. This is why
spiroid gears are used in drive systems in, for example, the automotive and aviation industries [8-10].
Fig. 1 shows an example of a spiroid gear drive manufactured by Maxon Precision Motors Inc. for use
in unmanned systems and robotics [11].

A spiroid gear has a simple construction and consists of two primary parts: a face wheel and a worm.
A test bench was built to look into the operating parameters of a gear (Fig. 1). The results of the bench
tests are presented in publication [12]. However, the bench tests (Fig. 1) did not provide full information
on the performance characteristics, including those related to start-up, stresses and contact deformations
generated in the toothed rims. Therefore, the authors decided to investigate such gear properties using
numerical calculations.
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Fig. 1. An example of a spiroid gear transmission manufactured by Maxon Precision Motors Inc. for use in
unmanned systems and robotics [11]

Appropriate physical and mathematical models of the physical phenomena occurring during gear
operation were developed to calculate the aforementioned construction characteristics. A set of
parameters describing the operation of a gear was obtained by solving a system of mathematical model
equations.

This article presents the results of tests on the effects of the torque transmitted by a gear on the static
friction coefficient and the maximum stresses and deformations in the contact zone between the face
wheel tooth and the worm thread. The test results can help determine the performance characteristics of
a gear and in improving its durability and reliability.

2. ANALYSIS OF LOADS IN THE MESHING OF THE MATING WORM AND FACE
WHEEL

The spiroid gear was strapped during the tests (Fig. 2). This was done to represent the actual operating
conditions of a gear [13-16]. As a result of the load applied to the gear, the relation between gear output
torque me and gear input torque my is given by:

M, - u=M,,, uz-&, (6]
w,
where: M,; — gear input torque, M,, — gear output torque, @; — angular velocity of the worm, @, — angular
velocity of the face wheel, u — gear ratio.

Fig. 2. Test bench: a) test bench structure: F — inverter, M — motor, SP — clutch, S (W) — worm, KT — face
wheel, H — brake and b) test bench photo: 1 — motor, 2 — body, 3 — spiroid gear, 4 — clutch,
5 — brake, 6 — measuring unit
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The torque M,> depends on the geometry of the toothed rim of the face wheel and the worm thread
(Fig. 3) and the coefficient of static friction (f;) between the mating surfaces.

The value of circumferential force F,; depends on torque M,», which can be determined in relation to
the pitch diameter of the worm using the following formula:

_M,
F, = o )
where: F); — circumferential force, 7; — pitch diameter of the worm thread.

The results of the bench tests show that the load is transmitted by four teeth of the face wheel mating
with the double-thread worm. An analysis of the component forces on a single worm thread for the

adopted reference system (X, Y, Z) is shown in Fig. 3. The following relations arise from this analysis:

Fy'l:F,;y,+F;yzF;ﬂ(cosaO-sin)/+fS'-cosy) , (3)
where: fi— equivalent coefficient of friction given by:

et @)

cos a,
F, =Fn1(cosa0~cos yl—ﬂ'-sinyl) Q)
F,=-F,-1ga, (6)
Fy=F,=F, f=F,f. )

The total peripheral F,.; force is represented by:
chIZZk'F)il > (8)

where: z;— the number of face wheel teeth in contact.
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Fig. 3. Distribution of forces at the interface between the worm thread (1) and the face wheel tooth (2):
Fu=Fu=Fq2 —normal force to the contact plane of the mating parts, F: — friction force, # — tooth height,
R; — face wheel tooth line radius, a, — tooth profile angle, ¥— worm thread slope angle
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3. NORMAL STRESS STATE IN THE CONTACT ZONE BETWEEN THE WORK
THREADS AND THE FACE WHEEL TEETH

The analysis of contact between a flat-profile worm thread and a cylinder with radius Ry (Fig. 2) was
based on the Hertzian model [17]. For the analysed gear, the contact surface between the tooth of the
face wheel and the worm thread under load F,=F,;=F,: is a rectangle (Fig. 4) with a width of 2a and a
length of b. The normal stress distribution is elliptic function 6(x). In the Cartesian coordinate system
XY, this function takes the following form:

o
O'(x)zM a’-x?, —a<x<a, )]
a
where: oume— Hertzian stresses, @ — width of the contact surface; in angular coordinates (Fig. 3),
. [ ox L
assuming that ¢ = arcsin [R_j , the relation is given by:
L
sin’ 0
sin’ N

where: ¢ — angular coordinate, @, — contact angle derived from the centre of the contact.

O-((D)ZO-Hmax 1- ’ OS(DSZ(DO’ (10)

F.=F./b A= 2ab
Face wheel 0
tooth line
b
R,
E (plb
X
_a a '
Worm
thread line
' UHmax
' cYHmax
Tn

Fig. 4. Distribution of normal stresses Gumax, tangential stresses t» and deformations Unmax in the contact zone
between the face wheel tooth and the worm thread

The deformation of U points lying on the contact surface of the face wheel tooth and the worm thread
is the sum of the distance Ay, measured before the application of the load, and the displacement
w caused by the applied load, which can be represented by the following equation:

U=d+w, (11)
where: Ay — the distance of the points of the face wheel profile from the work thread profile, w — the
displacement of the contact points after the load is applied.

The solution to Equation (11) is the deformation equation, which allows the maximum deformation
Unma: and the width of contact surface 2a to be determined. A detailed description of the contact
phenomenon can be found in the works [17]. The deformation equation is given by:
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. O i max 0
4a
where: £’ — equivalent Young’s modulus, o. — equivalent contact radius, xz — coordinate in Hertz

analysis.

The maximum displacement Uy mq. 0f the contacting surfaces was determined from Equation (12) by
assuming x = 0.

For the contact between a flat and a convex surface, equivalent Young’s modulus E' and equivalent
contact radius p. are defined by:

E (207 -22)=U+p. x3, (12)

E,z(l—vf)+(1—v22)’ bl 13
E, E, 2 R,
where: £;>— Young’s moduli of the worm and face wheel material, v;, — Poisson’s number for the
material of the mating parts.
The maximum Hertzian displacement Unmax of the contacting surfaces of the face wheel tooth and
the worm thread can be determined using the formula below:

Ui =E"Cppppae "7 Qs (14)

H max

where: azle"Fnb-RL (15)

Fup — the normal force related to the length of the contact line.
The half of the contact line a between the face wheel tooth and the worm gear used in Formula (14)
and described by Relation (15) was determined assuming x = @, Ugmar = 0, b = const. The load related
to the length of the contact line is calculated as:

F, h
Fnb:FanZFbZZ?ﬁ b

(16)

n

b
cosa,

where: Fip1, Fap2 —normal force per unit length b of contact between the worm thread and the face wheel
tooth.
Consequently, the maximum normal stress in the contact zone is calculated as follows:

2
O-Hmax:Fnb' H (17)
T-a
and contact angle ¢, = arcsin . (18)
L

4. TANGENTIAL STRESS STATE AND STATIC FRICTION MODEL IN THE ASPECT OF
THE MECHANICAL-MOLECULAR THEORY OF FRICTION

The friction between the worm thread and the face wheel tooth during start-up was analysed using
the molecular-mechanical theory of friction [18-22]. The authors assumed that the deformation of the
surface layer of a solid and the intermolecular interaction at the boundary of solids are related processes.
In this case, the friction force Fris equal to the sum of the component forces, namely, molecular £z,
and resistance of materials F'r; to deformation:

Fr=F,, +Fy =(7

nm+Td)'Ar:Tn'Ar’ (19)
where: Tmn— molecular tangential stresses on the contact surface, tq — tangential stresses caused by the
deformation of the mating gear parts, 4,— actual contact surface.

The molecular component Fr, of the friction force Fr is equal to the product of the actual friction

surface 4, and the tangential stresses 7., that occur on that surface:
F,=4"t1,. (20)

m
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According to the molecular-mechanical theory of friction (Fig. 5), tangential stresses 7y on the
friction surface depend on the shear strength of the adhesive bonds 1, and molecular component

B-alp).

T =Ty B-0lp). 1)
where: 7, — the shear strength of adhesive bonds, £ — the molecular coefficient of friction resistance,
o(p)— stress distribution.

T

c

—

Fig. 5. Dependence of tangential stresses 7 as a function of normal stresses, { — slope angle of the flow curve
of the material in the contact zone

The relation between the actual contact area 4, and the contour contact area 4. is described by the
following equation:

A =a 4 -t,=a-A4,-b &, (22)

where: A4, — actual contact area, 4. — contour contact area, & — coefficient characterising the type of
deformation, #,— profile load function, a,, b, — coefficients of the profile load function, & —relative depth
of the penetration of the peaks of irregularities on the face wheel tooth into the worm thread.

Consequently, the quotient of actual area 4, and contour area A. is:
2a

Ar 5.0(¢).(1_ap2) 2a,+1
‘ ap-(ap—l)~kl-E2~A2

where: k; — a constant whose value depends on the parameters of the profile load curve [22], 4 —

(23)

. . . R
dimensionless roughness index, A=—"ax_
1
R-b—
v
Assuming that the elastic deformation coefficient oo = 0.5 for elastic deformations, the molecular

component of tangential stresses is given by:

_% 50, (1-4,’) +p-0(p)- (24)

-
nm 2

a, -(ap —1)-k1 -E, -4

The friction force component Frz depends on the deformation of the surface layer of the material of

the interpenetrating surfaces of solids [22] per the following equation:

0,25-a, -h} -E,
F,, = " : (25)

=
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where: v —Poisson’s number, a.r— a loss factor resulting from the influence of the hysteresis of micro-
irregularity deformations [22].
The tangential stresses in the deformation zone of the micro-irregularities of the interpenetrating
surfaces of solids are represented by the formula below:
F,
Td = A - A s (26)
where: 4,; — actual friction surface area related to a single micro-irregularity.
The value of 4,; in Equation (26) is the actual friction surface related to a single micro-irregularity
(Fig. 6) and is calculated as:

ri

A, =a-7-R -h, (27)

2

5-0(p)-R" (1) Ry, P
b,-a, -(ap —1)-k1 -E,

R;—radius or a micro-irregularity, #;— deformation height, R, — maximum height of the roughness profile.

By inserting Relations (27) and (28) into Equation (26), we obtain the stress component 14 depending
on the deformation of the surface layer of the face wheel material:

where: h, =

; (28)

2a,+2
T 1 5. 2a,+1
1, =0,0796-0,5-a, -E," (1= o, 1. A™" olp), . (9
a, -iap —li-k1

As mentioned earlier, the total tangential stresses in the actual contact area (1,) are the sum of the
stresses arising from molecular interaction (t.m) and the stresses in the surface layer of the materials of
the mating parts (tq).

2a,+1
5.0,-(l-a’ ’
Tn:z-nnz—l—rd:%' O, ( aP ) : +ﬁ'0n+
ap .(ap _l)kl .E2 .AZ (30)
1 2a,+2
+0,0398-a, - EXr(1=y? i1 AT 5-olp) [
v a,\a,-1)k

Fig. 6. Model of micro-irregularities on the face wheel tooth surface

The friction force Fr; from surface deformation Upma: can be treated as negligibly small compared
to the molecular interaction force, assuming that the following conditions are met:

e The face wheel and the worm are made of steel with a modulus of elasticity E» = 2.1-10"" [Pa].
e The dimensionless roughness factor for an accurate surface finish is A=1,1-107,

e The gear can carry loads of up to Mima = 350 Nm.

e The profile bearing function coefficients are a, = b, = 2.
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To calculate the friction force for the assumptions listed above, we used Equation (30):
H max

P R2 04 RZ
E=2~I A-ol? -(1——5-51'}1%0] + B A1 ——%sin’ ¢ |-b-R,-dg,
) a a

216-7,-\1-v;
where: 4= A):Z"-'O.IE““ 2). (€2))
2

Consequently, the friction torque My on the face wheel surface is:
%,
MIZ:f;"F;'RL:Z'Ri'b'J‘Tn.dq)a (32)
0

and the coefficient of friction f; on the actual contact surface 4, between the face wheel tooth and the
worm thread, based on Equation (3), is determined using Equation (33):
Py
2R, b [z,-do,

f= 2 . (33)

n

5. CALCULATION OF THE OPERATING PARAMETERS OF A SPIROID GEAR

The numerical calculations were based on quantities related to the geometry of the worm and the
face wheel and the materials comprising them. The gear was loaded with torques in the range of M;;=35—
350 Nm. The preset quantities are presented in Table 1.

For the values of torques M,; used in the calculations, the distributions of normal stresses c(¢) and
deformations Upmax Were determined. In addition, the static friction coefficient f; was calculated
considering the mechanical and molecular properties of the materials from which the worm and face
wheel were made.

The distributions of normal stresses as a function of the contact angle o(¢) and the value of torque
M, = 35, 90, 350 Nm are presented in Fig. 7. The resultant quantities in the form of functions
Otimad(M12), Utimax(M2), fs(M,2) are presented in Figs. 810 and Table 2.

An analysis of the curves in the graph (Fig. 7) showed that increasing the angle @o and width of
contact between the face wheel and the worm thread, as well as the torque M, transmitted by the gear,
increased the maximum normal stresses Oumqr. Increasing the torque M, from 35 to 950 Nm resulted in
a 7.9-fold increase in stress values Omax.

The functiono, . = (M ; 2), shown in Fig. 8, was calculated for a range of torque values M, = 0—
1,000 Nm. As indicated by the graph of the function (and as presented earlier in Fig. 7), an increase in
the value of the torque transmitted by the gear increased the maximum stress in the contact zone between
the tooth of the face wheel and the worm thread. Assuming the permissible maximum value to be
O mae =100 MPa due to the operating conditions, the maximum value of the torque transmitted by
the gear is M;> = 950 Nm.

Assuming that the permissible value of deformations of the tooth surface of the face wheel equals
Udop = 9.087 pum, based on standard [23], we observed that the values of deformation were significantly
lower Usmax < U4op in the considered load range (Fig. 9). The values of maximum deformations for the
torques M;> =35, 90, 350 Nm are also shown in Table 2.

An analysis of Formulas (31) and (32) for calculating friction force F; and friction torque M; showed
that static friction coefficient f; depends on load F,, contact surface geometry R;, b, material properties
E' B, 7, vand the geometric structure of the contact surface A. The graph of the function f; (M,2) shows
that an increase in the value of torque M, causes a decrease in the value of friction coefficient f;
(Fig. 10). The friction coefficient f; values for the considered torques M, = 35, 90, 350, 950 Nm are
presented in Table 2.
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Quantities used in calculations

Table 1

Geometric quantities

Worm thread geometry Face wheel geometry
Number of threads z; 2 Number of teeth Z2 40
Thread line lead angle 4 5°50° Tooth type Straight teeth
Worm type - Left, straight Tooth height h> 4.4 mm
teeth
Thread height hi 4 mm Tooth line Spline
Worm thread profile angle aq 30° Tooth profile a, 30°
angle
Inner diameter of the worm dyi 42.8 mm Inner diameter of dyi 117.76
the face wheel mm
Outer diameter of the worm dar 50.8 mm Outer diameter of | d-; 152.40
the face wheel mm
Type of tooth profile and tooth pitch linear
Radius of the face wheel tooth line R, =45.445-10° m
Gear load

Torque on the output shaft

M,;>=35,90,350 Nm

Poisson’s number

Vi=Vo= 03

Young’s modulus

E1= E2= 2,1 -1011 Pa

Material constants for steel 40 X

force

Bearing function coefficient of the contact surface ap="by=2
profile

Dimensionless roughness factor A=1.1-10"
Coefficient of the molecular component of the friction p=0.055

Shear strength of the adhesive bonds

70=184.1 -10° Pa

Material hardness

HB =341
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Fig. 7. Normal stress distributions as a function of the face wheel and the worm thread contact angle for the

Hertz model
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Fig. 8. The influence of torque M2 on the maximum pressures in the contact zone between the worm thread and

the tooth of the face wheel ormar
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Fig. 9. The influence of torque M2 on the maximum surface deformation in the contact zone between the worm

thread and the face wheel tooth Unmax

6. CONCLUSIONS

Spiroid gears can operate continuously and at intervals. This paper presented test results for interval

operation under dry friction conditions. Operating parameters under dry friction conditions are
determined by the transferred load; the related stress state, geometry and geometric structure of the
mating surfaces (worm threads and face wheel teeth); and the properties of the materials used. The
results show that it is possible to evaluate gear performance based on suitably constructed
characteristics. Preset and resultant parameters were assigned to build the characteristics according to
the design task. The distribution of forces and stresses at the interface of the worm thread and the face
wheel tooth were analysed. The influence of the torque transferred by the gear on the tangential stress

state, deformation and friction coefficient was also analysed.
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Fig. 10. The influence of gear loading torque mr2 on static friction coefficient f; on the tooth surface of the face
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wheel mating with the worm thread
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350 400

Table 2
Resultant figures
M [Nm] | F,[N] £ [N] Utimax [pm] @o[rad] S
35 78.4 10.7 0.0007 8.710° 0.135
90 329.9 15.2 0.0029 17.7 107 0.046
350 1,664.8 22.8 0.0144 39.8 10° 0.014
950 2,031.1 29.7 0.0421 68.110° 0.006

The test results presented in Figs. 7-10 allowed the authors to draw the following conclusions
regarding the stress state and deformations of the toothed rims and the precision with which they were

made:
[ ]

Due to the maximum normal and tangential stresses and contact deformations, the gear can
operate with loads M;> <950 Nm.

Contact between the four teeth of the face wheel and two worm threads requires the bodies, the
worm and the face wheel to have high manufacturing accuracy to ensure the correct positioning
of the contact pattern. Otherwise, gear damage or premature wear may occur.

The test results presented in this paper extend the knowledge of mechanical and tribological
properties of spiroid gears and can be helpful for gear designers. They also make it possible to increase
gear durability and reliability through the appropriate selection of operating parameters. The versatility
of the method presented in this paper makes it possible to determine the correct operating conditions for
gears in mechanical systems used in the automotive, aviation or marine industries, along with working
machines.
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