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Summary. Spiroid gears are used in the drive systems of various types of vehicles and 
devices. They are characterised by small overall dimensions and significant rotational 
speed reduction while maintaining the high positioning accuracy of the driven device. 
Spiroid gears require a lot of lubrication with oils, which separate the mating parts. In the 
case of spiroid gears, they separate the face wheel teeth and the worm thread. The resulting 
oil film reduces the coefficient of friction and lowers the temperature of the mating 
surfaces. The modelling of toothed rim lubrication is a complex problem. To separate the 
surface of the face wheel mating and the worm, one needs to consider the phenomena of 
fluid mechanics, heat transfer and tooth deformation. The formation of an 
elastohydrodynamic oil film of an appropriate height is determined by the type of oil, the 
mechanical properties of the worm and face wheel materials, relative speed, load and the 
geometry of the mating surfaces. The issues described in this paper significantly affect the 
correct operation of gears and have not yet been fully understood for spiroid gears. This 
paper presents the results of a study on the properties of the elastohydrodynamic oil film 
and describes its characteristics, with the unknown quantity being the rotational speed of 
the input shaft that ensures that the oil film separates the mating toothed rims. The 
calculation results were compared with those of other researchers. The obtained design 
recommendations can help designers improve the durability and reliability of spiroid gears. 

 
 
1. INTRODUCTION 
 

Structures such as gears [1-3] require oil lubrication of the mating and moving surfaces of the toothed 
rims. The profiles of these surfaces can be flat, convex or concave. The mating surfaces form slots which 
converge to some extent (Fig. 1). 

Oil is forced into the tapering part of a slot as a result of viscosity shear stability. When the oil flows 
through the tapering slot, the oil pressure increases. The hydrodynamic buoyancy force balancing the 
load depends on the shape and dimensions of the surfaces, the properties of the materials from which 
these surfaces are made and the properties of the oil used.  

In the case of a Newtonian fluid (Fig. 2), the relation between tangential stresses 𝜏!" and oil flow 

velocity gradient  is represented by the equation: 

       (1) 

where:his the dynamic oil viscosity. 
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If there is a large increase in oil pressure, the elastic deformation of the mating surfaces of the face 
wheel and the worm is also likely to occur. To ensure continuity of flow, it is also important to ensure a 
sufficiently high oil flow rate. One effect of the discussed elastohydrodynamic lubrication method is a 
reduction in the friction coefficient between the mating surfaces of the toothed rims. When this 
lubrication method is used, it is also important to ensure a continuous flow of oil. 

The authors carried out bench tests [4], focusing on problems with the lubrication of spiroid gears. 
This turned out to be a complex problem. The fundamental (specific) problem is posed by the 
measurement of the oil film parameters, such as temperature, pressure or film thickness. The obtained 
measurement results do not give full information about the conditions ensuring the separation of the 
mating surfaces of toothed rims with an oil film. 

Therefore, the authors used theoretical models to analyse and determine the influences of gear 
loading torque, the rotational speed of the input shaft and oil viscosity grade on the possibility of 
separating the mating surfaces of the toothed rims with an oil film that guarantees fluid friction. The 
authors believe that this will ensure an appropriately high durability and reliability of spiroid gears [5, 6]. 

 
Fig. 1. Typical shapes of sliding surface profiles: R1,2,L – curvature radius of the mating surfaces, Fn – load, v1,2 –  

linear speed, 𝜔!,# – angular velocity, h0 – minimum oil film height 
 

The construction of a gear (Fig. 3) consists of two basic parts [7-9]: a toothed face wheel and a worm. 
Spiroid gears are used in the drive systems of various types of machines in the aviation and automotive 
industry, where significant speed reduction is required with small overall dimensions while the driven 
device’s positioning accuracy remains high [10-13]. 

 
Fig. 2. Newtonian fluid model: 𝜉– angle characterising the viscosity function 
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Numerical calculations were carried out using appropriate physical and mathematical models of the 
elastohydrodynamic oil film. Their solution provided the authors with the static characteristics of the oil 
film. 

This paper presents the results of a study on the effects of selected parameters on the 
rotational speed enabling the generation of the minimum oil film height that guarantees 
separation of the mating surfaces. These parameters include load, oil viscosity grade, 
mechanical properties of the worm and face wheel materials and mesh geometry. 

The presented method of calculating the elastohydrodynamic oil film can be useful in determining 
the performance characteristics of gears and improving their durability and reliability. An analysis of 
the available knowledge of spiroid gears showed that this kind of research has not been 
conducted and its results have not been published. 

 

 
Fig. 3. a) Test bench structure: F – inverter, M – motor, SP – clutch, W – worm, KT – face wheel, H – brake,  

b) spiroid gear construction: body (1), worm (2), face wheel (3), level of oil lubricating toothed rims (4) 
 
 
2. THERMOPHYSICAL PROPERTIES OF OIL 
 

The basic quantities characterising the thermophysical properties of oils [14] operating under 
elastohydrodynamic lubrication conditions are dynamic viscosity h(p, T) and density r(p, T). 

Viscosity is the measure of internal friction. As shown by the results of measurements [15], the 
dynamic viscosity of oils significantly depends on pressure p and temperature T (Fig. 4). 

An analysis of the viscosity function h(p, T) shows that an increase in temperature results in a 
decrease in dynamic viscosity. In contrast, an increase in pressure results in an increase in dynamic 
viscosity. 

Various mathematical models are used to describe the viscosity function. The following relations 
summarize some functions describing the thermophysical properties of oils [16-21]: 

,       (2) 
,      (3) 

,    (4) 

where: p – oil film pressure,𝜂! – dynamic viscosity of oil measured at ambient temperature and pressure, 
A, D, E, αp – coefficient of the effect of pressure on dynamic viscosity, βT –coefficient of the effect of 
temperature on dynamic viscosity. Oil density, as a function of pressure and temperature r(p, T), can be 
described (Fig. 5) by the following equations [22]: 
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,     (5) 

,    (6) 

where: T – temperature, 𝜌!	– oil density measured at ambient temperature and pressure, 𝑎#, 𝑏# – 
coefficients of the effect of temperature on oil density. 

 
Fig. 4. Dynamic viscosity of VG 32 and VG 150 oils as a function of pressure and temperature [15] 
 

 
Fig. 5. Density of VG 32 and VG 150 oils as a function of pressure and temperature [15] 
 
 
3. ASSUMPTIONS FOR THE ELASTOHYDRODYNAMIC LUBRICATION MODEL 
 

The development of mathematical models of the elastohydrodynamic oil film (Fig. 6) was based on 
the following assumptions [17, 18, 23]: 

• deformations of the mating surfaces are elastic, 
• equations of oil viscosity and density functions take into account the effects of pressure and 

temperature, 
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• oil flow is laminar and steady,  
• inertia forces during oil flow are negligible, 
• oil flow in the tooth space is unidirectional (in the direction of the tooth space convergence), and 

other oil flow directions are negligibly small, 
• oil film temperature is constant, 
• a Newtonian fluid model is adopted, 
• there is no slippage on the boundary surfaces, 
• the velocity of the boundary layer of the oil and the tooth surface are equal. 

 
 
4. TOOTH SPACE PRESSURE DISTRIBUTION EQUATION 
 

The principle of conservation of momentum for fluids is represented by the Navier-Stokes equation: 

,          (7) 

where: 𝜈 – kinematic oil viscosity, 𝐹($ – body force. 
Based on the assumptions outlined in Section 3, Equation (7) takes the following form: 

.     (8) 

Equation (8) is satisfied when the expression in brackets is zero, which leads to the following 
equation: 

.      (9) 
 

 
Fig. 6. Geometry, Hertzian stress and pressure distribution in the elastohydrodynamic oil film: 𝜎$%&' –  

maximum Hertzian stresses, 𝑝%&' – maximum oil film pressure, 𝑅( – radius of the face wheel tooth, 
 𝜐!,# – linear speeds of the worm and face wheel surfaces 

 
By integrating Equation (9) further, the following relation for the oil flow velocity in the tooth space 

is obtained: 

.     (10) 

Constants C1 and C2 were determined from Equation (10) (Fig. 6) by assuming the following boundary 
conditions: 
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 .     (11) 

The transformations of Equation (10) resulted in a function describing the velocity of the oil flowing 
through the tooth space and its derivative: 

,   (12) 

.  (13) 

The equation of pressure distribution in the tooth space was obtained by inserting Equation (13) into 
the continuity equation for viscous and compressible fluids given by the following formula: 

.      (14) 
By integrating the oil flow continuity equation by the height of the tooth space y=<0 - h> in the adopted 
reference system, 

,  (15) 

the equation for the distribution of oil pressure in the tooth space was obtained: 

.    (16) 

 
 
5. PRESSURE DISTRIBUTION IN THE CONTACT ZONE BETWEEN THE WORM THREAD  
    AND THE FACE WHEEL TEETH 
 

The cooperation of the worm thread and the face wheel tooth was modelled as a linear contact 
between a cylinder and a plane. With this in mind, a function in the Cartesian coordinate system was 
adopted to describe the normal stress state 𝜎#(𝑥) according to Hertz's theory: 

    (17) 

where: a – width of the contact surface between the face wheel tooth and the work thread. 
Assuming that the normal stress distribution along the contact surface does not change, the load 

related to the length of the contact line is , where b is the active length of contact. 

For the contact of a cylinder and a plain, load F’ is equal to half the area of an ellipse with conjugate 
radiuses : 

.      (18) 

By transforming Equation (18), the maximum Hertzian stress can be described by the following 
formula:  

.      (19) 

For a linear contact, the width of the contact surface is: 
,       (20) 

where: RL – face wheel tooth line radius [m] 

–  equivalent to Young's modulus, 𝜈%,'– Poisson's number.          (21) 
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6. CONTACT SURFACE DEFORMATION UNDER HIGH OIL PRESSURE 
 

The space between the worm thread and the tooth of the face wheel into which the oil is supplied can 
be divided into three zones (Fig. 6): the inlet zone with low oil pressure, the Hertzian stress zone with 
high oil pressure and the outlet zone where the high-pressure oil flowing out is transported to the low-
pressure zone. 

Assuming that oil film height h is small in relation to the radius of the circular cylinder RL, the shape 
of the slot in the zones where it does not deform can be represented as a contact between a parabolic 
cylinder and a half-plane:  

      (22) 

In the high-pressure zone, surface deformations can be represented using the Flamant equation [24], 
which describes the effects of the normal force on an elastic half-space:  

    (23) 

 
 
7. CHARACTERISTICS OF THE OIL FILM IN THE CONTACT ZONE OF THE WORM AND  
    THE FACE WHEEL 
 

Equations (16–23) constitute a mathematical model of the isothermal elastohydrodynamic oil film 
generated in the mesh of the toothed rims of a spiroid gear. The literature offers different methods for 
solving the system of equations presented above. For a linear contact, the solution of the problem was 
presented, among others, by the authors of [25-30] in the form of a relation allowing for determining the 
minimum height of the oil film: 

    (24) 

where . As a result of the study, Equation (24) was reduced to [25]: 

   (25) 

The formulas given by other researchers differ slightly in the values of the power exponents and the 
numerical value placed next to the piezo-viscosity coefficient αp. 

In Equation (25), oil viscosity 𝜂! is determined at the reference temperature 𝑇!. As the results show, 
oil viscosity 𝜂! is significantly influenced by its temperature T (Fig. 4). Therefore, a correction factor is 
introduced into the calculation of the minimum oil film height. In such cases, the non-isothermal oil film 
thickness is supplemented by the value of the correction factor Cth [25]. The correlation between the oil 
film height determined for the isothermal and non-isothermal model is represented by the relation: 

     (26) 
where Cth – a dimensionless factor correcting the effect of temperature on the minimum oil film height, 
nis – non-isothermal index, is – isothermal index, min – minimum. 

This factor depends on the thermal conductivity of oil l, oil viscosity η$ and the average speed of 
oil layers u. Its value can be determined using the following relation: 

.       (27) 
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The values of the dimensionless parameter  were determined for the dynamic viscosity 

model represented by the following equation: 
,       (28) 

where:               (29) 

The piezo-coefficient of the effect of pressure on dynamic oil viscosity is given by: 

 – coefficient of the effect of temperature on oil viscosity (30) 

A graphic presentation of Relation (27) is shown in Fig. 7. 
When considering constructions, it is sometimes important to ensure elastohydrodynamic lubrication 

over a range of specific gear operating speeds. For such considerations, the permissible minimum oil 
film height guaranteeing the separation of the mating surfaces can be taken as a preset quantity. Its value 
can be assumed to depend on the roughness of the surface of the face wheel tooth and the worm thread 
𝑅%&,(. In the presented calculations, it was assumed that: 

      (31) 
By transforming Equation (25), the minimum angular velocity on the input shaft of the gear  

can be calculated from the following equation: 

 

where:              (32) 

An analysis of Equation (32) shows that for a given contact geometry r1, rz, b, the minimum worm 
angular velocity w1min guaranteeing elastohydrodynamic lubrication due to the power exponents mainly 
depends on the oil type h0, ap and toothed rim load Fn. 
 
 
8. EFFECT OF OIL VISCOSITY GRADE ON GEAR LUBRICATION 
 

Numerical calculations, including the determination of the input shaft rotational speed 

 at which elastohydrodynamic lubrication occurs, were carried out for preset quantities 

divided into the following three groups: Group 1 – quantities related to the geometry and materials of 
the worm and the face wheel, Group 2 – quantities related to the properties of the oil and Group 3 – 
related to the load on the gear. The preset quantities are shown in Table 1. Gear oils of VG according to 
standard [27], the properties of which are presented in Table 1, were adopted for this study. The 
classification was also supplemented with viscosity classes according to (AGMA Regular/EP) and SAE 
J306 (Table 2). Numerical calculations were used to obtain the minimum rotational speed of the input 
shaft n1min for which the oil film of thickness hmin = hlim was to be generated in the tooth space. 

An analysis of the function graphs (Fig. 8) shows that the effect of the oil viscosity grade VG on 
rotational speed n1min is significant. Thus: 

• gears operating up to a worm rotational speed of n1 ≤500 rpm should be lubricated using gear oil 
with VG 220 or higher, 
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• in the speed range of n1 = 500-1,500 rpm, the oil viscosity grade should be at least 100, 
• the proper lubrication of gears operating at speed n1>2,500 rpm is ensured by VG 46 oil. 
The effect of normal force Fn occurring in the mesh of the worm and the face wheel on torque Mt2 

transmitted by the spiroid gear is shown in Fig. 9. Information on the method of determining the forces 
in the mesh between the face wheel and the worm is presented in the materials section [31]. 

An analysis of the literature on pinion gears showed certain discrepancies regarding the selection of 
oil viscosity grade (Table 3). The authors believe that the differences in the selection of oil viscosity 
grades may have resulted from the fact that the recommendations were developed for classic gears 
operating under average conditions. The calculations carried out by the authors present 
recommendations for the selection of oil viscosity grades for spiroid gears with design features defined 
by preset parameters. 

 
Fig. 7. Correction factor for the effect of temperature on minimum oil film height 
 
9. DISCUSSION OF THE RESULTS 
 

Ensuring a sufficiently high level of durability and reliability of a spiroid gear requires, among other 
things, selecting the appropriate type of oil, including its viscosity grade, to guarantee the generation of 
an elastohydrodynamic oil film between the worm thread and the face wheel teeth. This is a complex 
problem, as the height of the oil film is influenced not only by the type of oil but also by the mechanical 
properties of the worm and face wheel materials, relative speed, load, temperature and the geometry of 
the mating surfaces. As the results show, on the one hand, an increase in oil viscosity results in an 
increase in resistance to movement and, on the other hand, a lower rotational speed of the worm allows 
the mating surfaces to be separated by an oil film (Fig. 8). 

It is also worth stressing the important relation between oil viscosity and meshing geometry. An 
increase in load results in a slight increase in the minimum speed at which the minimum oil film height 
is formed. These correlations are apparent from curves VG=f(RL, b, Fn, n1, α, Ez) (Fig. 8). The 
recommendations presented in Table 3 can be used for the initial calculation of the operating parameters 
of a gear. However, in the case of verification calculations, the authors suggest using non-isothermal 
models to calculate the minimum worm speed to ensure fluid friction with elastohydrodynamic 
lubrication. The authors believe that the discussed calculations of non-isothermal oil films provided in 
Section 7 can improve the durability and reliability of spiroid gears. 

In conclusion, the developed methodology for the selection of oil viscosity grade can be applied to 
initial calculations, as well as verification calculations for other types of gears. 
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In the next stage of their study, the authors will investigate the effects of oil viscosity tolerance and 
toothed rim geometric tolerance on gear lubrication conditions. 

Table 1 
Preset quantities used in calculations 

 
Geometrical quantities 
RL [mm]  Radius of face wheel tooth line 45.445× 10-3 

r1 [mm] Pitch radius of worm thread 23.4× 10-3 
b [mm] Length of contact surface between worm thread and 

face wheel tooth 
4.14× 10-3 

hlim [mm] Permissible minimum oil film height 1.32× 10-6 
Young's modulus 

E1 [Pa] Worm material  2.1× 1011 
E2 [Pa] Face wheel material  2.1× 1011 

Poisson’s number 
n1 [-] Worm material  0.3 
n2 [-] Face wheel material  0.3 

Properties of gear oil 
h0 [Pa× s] Dynamic viscosity at reference temperature and 

atmospheric pressure 
0.198 (VG220) 
0.135 (VG150) 
0.090 (VG100) 
0.0414 (VG46) 

ap [1/Pa] Pressure-dynamic viscosity piezo-coefficient  0.02× 10-6 
bT [1/0C] Temperature-dynamic viscosity coefficient  55.291× 10-3 
l [W/m×0C] Thermal conductivity of oil 0.145 
Gear load 
Fn [N] Normal force applied to the contact surface and related 

to one tooth in contact with the worm thread 
10 - 10000 

 

 
Fig. 8. Effect of the oil viscosity grade VG and the normal force Fn on the rotational speed n1 allowing the mating 

surfaces to be separated by an oil film of thickness hlim 
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Table 2 
Viscosity grades of gear oils [32] 

 
ISO 3448 VG Viscosity tolerance according to ISO 3448 AGMA Regular/EP SAE J306 

46  
 

±10% 

1 75 W 
100 3/3EP - 
150 4/4EP 80W/90 
220 5/5EP 90 

 

 
Fig. 9. Relation between normal force Fn and torque Mt2 

Table 3 
Recommended oil viscosity grades for gears 

 
Own calculations Dziama A. [33] Mueller L. [34] 

Worm 
rotational 

speed n1 rpm 

Linear velocity at 
the outer diameter 

of worm v1 m/s 

Oil viscosity grade 
VG 

v1 m/s/ oil 
viscosity mm/s2 

v1 m/s/ oil viscosity  
mm/s2 

Up to 500 Up to 1.3 220 (124)* 1/114* 1/(180–300)* 
500–1,000 1.3–2.7 150 (87)* 2.5/80* 2.5/(125–200)* 

1,000–1,500 2.7–4.0 100 (60)* 5/59* 4/(100–160)* 
1,500–2,500 4.0–6.6 46 (30)* 12.5/43* 10/(70–100)* 

*viscosity at 500C 
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