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A MATHEMATICAL MODEL STUDY OF SUSPENDED MONORAIL

Summary. The mathematical model of suspended monorail track with allowance for
elastic strain which occurs during movement of the monorail carriage was developed.
Standard forms for single span and double span of suspended monorail sections were
established.

MATEMATHUYECKAS MOAEJIb ITOJIBECHOI'O MOHOPEJIbCOBOI'O ITYTHU

AnHoTanus. Pazpaborana MmareMaTu4eckast MOJIEb IMOJABECHOTO IyTH MOHOPEILCOBOM
JIOPOTH, YUYHTHIBAIOIIAs yHpyrue AedopManud MOHOPENbCa, MPOUCXOIIINE BO BPEMS
JBYOKCHUS DKHITaXa. Y CTAaHOBJICHBI HOPMAalIbHBIC ()OPMBI ISl OJUHOYHOTO M JIBOMHOTO
MpoJIeTa CEKIUN MOJABECHOIO MOHOPEIBCOBOTO My TH.

1. INTRODUCTION

Monorail tracks belong to the transport that makes possible to move materials and people along the
lines with the alternating profile. The feature that differs this means of transport from the other ones is
the gravity centre of rolling stock which is located below the monorail track suspended on the high
stocks, trestles or the mine timbering.

Monorail track consists of sections. Each section has fastenings for suspending and for binding
with each other. On straight lines a section has the length of up to 3 m and is normally fastened at the
edge points from both sides. At the curved lines there are normally used either sections to the length of
which is equal to 1 m or sections which are manufactured curved; that depends on the degree of
curvature. These sections are suspended at least in three points.

By moving along the track a monorail causes additional dynamic loadings which, via the
suspension arrangement, affect the mine timbering cutting its stability. That’s why it is a vital task for
studying the process of interaction between the carriage and the monorail track.

Scientific researches in the sphere of rail transport [1, 2, 3] deal with the dynamic processes which
occur while moving of carriage along the track that is built on the ground. The specific features of the
suspended monorail track and the peculiarities of its usage makes it impossible to apply the earlier
gained results.

The goal of this article is to define the interconnection between performance characteristics of
monorail track and its suspension. The calculation is provided under the following assumption: the
elastic stiffness is constant along the monorail track; the side sway is eliminated by using tie-rods; the
contact of carriage with the track is fixed and mechanical characteristics are constant.
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2. RESERCH AND RESULTS

The suspension of monorail track is an elastic structure, that’s why its mathematical model should
be developed with allowance for elastic strain that occurs during the carriage moving. If we include
interaction forces and implement the principal of removing constrains, the model «monorail-carriage»
can be rendered as a periodical structure with the consequent elements at the suspended supports

(Fig. 1).
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Fig. 1. Diagram of suspended monorail carriage model: 1 — monorail; 2 — carriage; 3 — system
Puc. 1. Cxema Mozienu oABECHONH MOHOPENBC-9KUMNAXK: | — MOHOpPENbC; 2 — KUNAXK; 3 — cucTeMa

The number of interacting elements is determined by the length of sections and depends on the
quantity of moving carriages and their length. Each section can be presented as a multisupported beam
with the length L, consisting of & similar segments of the length L;, constant mass equal to g; and beam
stiffness to El (Fig. 2). By carriage moving with the speed V causes the power that affects the

monorail Pﬂ (t), H= 1,...m, which result to segment strain with bending Y; (5, ,t) .

Fig. 2. Diagram of monorail track strain caused by the moving forces for spans: a — single; b — double
Puc. 2. Cxema nedopmanuit MOHOPEIHCOBOTO ITYTH MO/ ABIDKYITUMHUCS CHIIAMH JUIS IPOJIETOB: @ — OANHOYHOTO;
b — nBoltHOTO

These bends can be detected with the help of Bernoulli-Euler small deformations theory [4, 5]
(EDiY: (&) +ay: (&) =D P, (05 - &), 1
)7

where: i = 1, 2, 3, ...s; 6 — Dirac function; fiﬂ— force coordinate Pﬂ(t), that affects i-segment
(monorail section).

The equation can be solved by using initial and boundary conditions
yi(éi’t)=z¢ij (é:i)zj(t)' 2
j=1

where: 1=1,2,3, ...5; ?; ((f.) —normal form; ZJ- (t) — generalized coordinate.



A mathematical model study of suspended monorail 63

Normal forms are eigenvalue equation solution
o (&) - /ﬁl(ﬁi (&)=0, (3)

where: A — is proper system:;

A =y* (g /El),;.
This equation describes proper frequency @; and the corresponding proper frequencies @;; (f, ),
that satisfies the boundary conditions and are orthogonal to monorail.

By j #K
ij%% (&) (&)dS; =0. (4)
If j=k
ijqi(pij (&) (E)AE = M, = Zi: M;.- (5)
It follows that
2,0+ 072,00 =~ X 0y (6P 0. ©
i

For single span of monorail track shown in Fig. 2a, standard forms can be formulated as follows

@, (&) =C,cosh A& /L +C,sinh A8/ L +Cycos AS L +Cysin AE T L. (7
Using vector representation ¢; (&) = a' (A&/ L)c,

where:  a() =[C(),$(),50)]"; ¢=[C1,C;,C5,C,[ 5 C()=cosh(); c()=cos(); S()=sinh();
s() =sin()

and boundary conditions ¢, (0) = 0;¢, (0) =0;¢,(L;) =0; ¢, (L;) =0,

when C,; =C, =C;=0and C,sin1=0, we have the following solution 4; = 7,

4
4) El .
wf:[fij s j=1,2,3... (8)
In case, when C, =1,
L q.L
g =sin, M, = [ .0} (£)d5 ==~ (9)
0

Shall we make analysis for double span monorail shown in Fig. 2b, using the finite elements
method [4].

Monorail track is divided into s segments; let us define common and local coordinates for them.
We add powers Q,, Q, and moments M, , M., imposed at the edge points of each segment. Junction
turns caused by the load we shall denote as & and &, and their shifts as y; and yy, (Fig. 3a).
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Fig. 3. Diagram of monorail strain: a — s segment; b — support fastening assembly
Puc. 3. Cxema I[e(l)OpMaHI/II/I MOHOpEIIbCA: @ — S CETMECHTA, b- y3J1a KpCIUICHUA OIop

The vector mode of the load will be the following f =[M,QM,Q,1" .
By analogy the segment strain will bev =[&,y,&, Y, 1" .

In the form of vector mode
f =El[-¢ (0),¢ (0),¢ (L),—¢ (L)I" =D(A)c, (10

v=[-¢ (0),9(0),¢ (L),~p(L)]" =C*(A)c. (11)
With the allowance that in the beginning of the segment £, =0, and at the end — &, = L.
Regarding matrices D(A) and C (1)
f =vD(1)C(A) =vP(A), (12)

where: P(A) — matrix of segment dynamic stiffness;

T2 3 2 2
pi)=g| Y L L L

p = MSA)=s@). p _ ACAS(A)-SW)e(). p, | A(C(D)-c(A)

N 2 N ! N ;
p _EBAsWA), , _AB(A)+s(A). , _ ZC(A)s(A)+S(A)e(R).
S R VA N ’

N =C(A)c(L) 1.
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The monorail track, divided into s segments, includes k junctions and can be presented as follows

_ 1 4l 2 i .
A =4 (w)=L {a)(Ell,

D = P (f;) :aiTCi; G :Civi; fi =PV, (13)
a=a(L&/L),C, =CA; P, =P(4);i=123..s.

By means of generalized coordinates b,, where v =1, 2, 3,...n,
b :[bl,...bn]T;
Vo =[v .. 15 (14)
Py =diag(P;),i=123,..s.

In the matrix form v; = I;b,v, = 1,b.
Therefrom applying the virtual work principle,

S S
Ny =6V =) oV Pv; =8 Pvg =bT I3 Pyl b=0. (15)
i=1 i=1
For free variations ob , the following is valid
l§ Py (@)1 ,b=P(w)b=0, (16)

where P(@) — dynamic matrix of segments stiffness.

Shall we describe the influence of monorail track supports yield (Fig. 3b). It can be noted by means
of virtual work of the applied forces that can be defined according to the following

k
6\Ng = _z [§§r (Cr - a)z‘]r)gr + 0w, (kr - a)zm)wr] =-&b' (KZ - *M Z)b, a7
r=1

where: c,,k, — stiffness factor; m,J,— element mass and moment of inertia of; K% - elasticity

r'tr

matrix; M # — moment of inertia matrix.

Regarding that oV, = dW, we have
[P(0) + KZ —0’M? 1o = P(w)b, (18)

where f’(a)) — dynamic full stiffness matrix.

This equation solution gives an opportunity to set proper frequencies @; and proper vectors bj
with j=1, 2, 3,...f.
Functions @; (&) can be determined according to the following

4 =ﬂf.(w,-)=L,-4,/a),-2[%j_; (19)

c; =CyVy; C; =Cikis @ =aic, =a Cyvy, a; = a (4,6 /L)

ij? i74j 1

The results of modal analysis for double-span monorail section of suspended tracks [2, 3] are
shown in Fig. 4.



66 V. Gutarevych

A . ol
1
10,0 200 L)
751 150
501 100
250 50
0 0
5 10 15 20 25 30 fo!

Fig. 4. Dependences: 1- w(f); 2 - A1(f) if L= 6 m; 3 - J5(f) and L,=3 ™
Puc. 4. 3asucumoctu: 1- w( f); 2 — A41(f) mpu L= 6 m; 3 — 1,(f) ipu L= 3 m

As it is shown in Fig. 4 the frequency w(f) increases unlimited with the increasing of f. And the fixing
of k-junction practically doesn’t influence it. The increase of f causes the increasing of A,(f), but with f
more than 30 ¢™ it reaches its maximum. If section length L, decreases half as much, ,(f) goes down
more than twice and a half.

It’s necessary to highlight, that removal of k-junction fixing causes the increase of A,(f) by 3...5%,
that’s why it is not obvious to consider it while engineering design.

3. CONCLUSIONS

The mathematical model of suspended monorail track with allowance for elastic strain which
occurs during movement of the monorail carriage was developed with the help of virtual work
principle. Standard forms for single span and double span monorail sections were established. The
carried out modal analysis of monorail path shows that with the increase of section length from 3 m up
to 6 m, index f increases not less than to 2,5 times. Increasing f causes permanent increase of
frequency w(f), and the additional fixing of suspension junction doesn’t change this reaction.

The further researches should aim the developing of dependences for defining the optimal
characteristics of monorail tracks with allowance for variable character of loads to the monorail.
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